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Jianwei Zhou
Department of Mathematics, Suzhou University, Suzhou 215006, P.R. China
Abstract
In this paper, we use Clifford algebra and the spinor calculus to study
the complex structures on Euclidean space R8 and the spheres S4, S6. By
the spin representation of G(2, 8) ⊂ Spin(8) we show that the Grassmann
manifold G(2, 8) can be looked as the set of orthogonal complex structures
on R8. In this way, we show that G(2, 8) and CP 3 can be looked as twistor
spaces of S6 and S4 respectively. Then we show that there is no almost
complex structure on sphere S4 and there is no orthogonal complex structure
on the sphere S6.
§1. Introduction
In this paper, we study the complex structures on Euclidean space R8 and the
spheres S4, S6 respectively. In the study we use Clifford algebra and the spinor
calculus. The main references are [4], [5], [6] and [7].
Let e¯1, e¯2, · · · , e¯8 be a fixed orthonormal basis of R8, the Clifford product on
Clifford algebra Cℓ8 be determined by the relations:
e¯B e¯C + e¯C e¯B = −2δBC , B, C = 1, 2, · · · , 8.
As in [6], let A8 = Re[(e¯1+
√−1e¯2) · · · (e¯7+
√−1e¯8)], β8 = e¯1e¯3e¯5e¯7, A = A8(1+β8).
The space V = Cℓ8 ·A = V +⊕V − is an irreducible module over Cℓ8 and the spinor
spaces V + = Cℓeven8 A, V
− = Cℓodd8 A are generated by αB = e¯1e¯BA and αB+8 = e¯BA
respectively, B = 1, · · · , 8. For any x ∈ Cℓ8,
x(α1, · · · , α8, α9, · · · , α16) = (α1, · · · , α8, α9, · · · , α16)Φ(x)
Key words and phrases. Grassmann manifold, Clifford algebra, complex structure, twistor
space.
Subject classification. 14M15, 53C15, 53C27.
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defines an algebra isomorphism Φ: Cℓ8 → R(16).
As shown in [6], for x ∈ Cℓ8, we have Φ(α(xt)) = (Φ(x))t. Then for any g ∈
Spin(8), Φ(g) =
(
B
C
)
, we have B,C ∈ SO(8). If g2 = −1, B and C define
orthogonal almost complex structures on R8.
In this paper, we use isomorphism Φ: Cℓ8 → R(16) to construct homeomorphism
Φ∗ from Grassmann manifold G(2, 8) to the set of oriented orthogonal complex
structures on R8. Furthermore, there are two fibre bundles τ : G(2, 8) → S6 and
τ1: CP
3 → S4 defined naturally. We show that restricting the homeomorphism Φ∗
on the fibres of these fibre bundles respectively, we get the sets of complex structures
on the tangent spaces of S6 and S4 respectively. By definition on [4] p.339, G(2, 8)
and CP 3 are the twistor spaces on S6 and S4 respectively.
Then the almost complex structure on the sphere S6 and S4 are determined by
sections f : S6 → G(2, 8) and f : S4 → CP 3 respectively. By the cohomology
groups of CP 3 and S4, we show that there in no almost complex on S4.
G(2, 8) is a Kaehler manifold, in §3 we show that the almost complex structure
on S6 is integrable if and only if the map f : S6 → G(2, 8) is holomorphic. Then S6
is also a Kaehler manifold if f : S6 → G(2, 8) holomorphic. These shows there is no
orthogonal complex structure on the sphere S6.
For the complex structures on R8, S6, S4 see also [1] and [3], p.159, p. 281.
§2. The complex structures on R8
G(2, 8) is the Grassmann manifold formed by all oriented 2-dimensional sub-
spaces of R8, any x ∈ G(2, 8) can be represented by e1e2 or e1 ∧ e2, where e1, e2 is
an oriented orthonormal basis of x. Then G(2, 8) can be viewed as a subspace of
Spin(8) or
∧2(R8). Let
M = {A ∈ SO(8) | A2 = −I} ≈ SO(8)/U(4)
be the set of oriented orthogonal complex structures on R8.
Theorem 2.1 The map Φ∗: G(2, 8)→M defined by
x(α1, · · · , α8) = (α1, · · · , α8)Φ∗(x), x ∈ G(2, 8),
is a diffeomorphism. Φ∗(x) is the spin representation of x.
Proof For any x ∈ G(2, 8), Φ(x) =
(
B
C
)
, where B,C ∈ SO(8). From
x · x = −1, we have BB = −I, B defines a complex structure on R8 ∼= V +.
2
By Proposition 4.3 of [7], the map x ∈ G(2, 8) 7→ B is a monomorphism. The
proposition follows from
G(2, 8) = {A(e¯1)A(e¯2) | A ∈ SO(8)} = {g(e¯1e¯2)gt | g ∈ Spin(8)},
Φ(g(e¯1e¯2)g
t) = Φ(g)Φ(e¯1e¯2)Φ(g)
t,
and
M = {ABAt | A ∈ SO(8)},
where B ∈M is a fixed element.
For any v ∈ R8 there is Pv ∈ SO(8) such that Φ(v) =
(
Pv
−P tv
)
. Then for
any x = e1e2 ∈ G(2, 8), Φ(x) = −Pe1P te2 . Furthermore, Pv ∈M if v ∈ S7, v ⊥ e¯1.
Denote Jx: R
8 → R8 the complex structure defined by x ∈ G(2, 8). For any
v =
8∑
i=1
vie¯i ∈ R8, e¯1vA =
8∑
i=1
viαi, we have
e¯1JxvA = xe¯1vA.
It is easy to compute
Φ∗(e¯1e¯2) = Pe¯2 =

0 1
−1 0
0 −1
1 0
0 −1
1 0
0 −1
1 0

.
The complex structure Jx = Φ
∗(x) acts on the left of R8.
As shown in [5] or [7], for any x ∈ G(2, 8) there is v ∈ S6 = {v ∈ S7 | v ⊥ e¯1}
such that xA = e¯1vA, x 7→ v defines a fibre bundle τ : G(2, 8) → S6. For any
v ∈ S6, we have τ−1(v) = {uJvu | u ∈ S7}, where Jv is a complex structure on
R8, see [7] or §3 below. The fibres of τ are diffeomorphic to the complex projective
space CP 3.
Theorem 2.2 For any v ∈ S6, Φ∗(τ−1(v)) is the set of orthogonal almost
complex structures on the tangent space TvS
6. Then G(2, 8) is the twistor space of
S6 and any almost complex structure on S6 is defined by a section f : S6 → G(2, 8).
Proof For any v ∈ S6, TvS6 = {X ∈ R8 | X ⊥ e¯1, v}. On the other hand,
x ∈ τ−1(v) if and only if
xA = −xα1 = e¯1vA, xe¯1vA = xxA = −A.
Then the subspace of R8 generated by e¯1, v is invariant under the map Jx = Φ
∗(x)
for any x ∈ τ−1(v) and Jx gives a complex structure on TvS6. By Theorem 2.1, all
complex structures on the tangent space TvS
6 can be obtained in this way.
By this theorem, any x ∈ τ−1(v) gives a complex structure Jx: TvS6 → TvS6.
For any X ∈ TvS6, Y = JxX is defined by xe¯1XA = e¯1Y A.
By definition on [4] p.339, G(2, 8) is a twistor space of S6, any almost complex
structure on S6 is defined by a section f : S6 → G(2, 8). In §3, we shall make further
study and show that there is no integrable complex structure on S6.
As is well-known, there is a map CP 3 → S4. This map can also be constructed
by the Clifford algebra Cℓ8. In the following we consider τ
−1(e¯3) ≈ CP 3 as an
example.
Let J be a complex structure on R8 defined by Je¯2i−1 = e¯2i, Je¯2i = −e¯2i−1, i =
1, 2, 3, 4. By Lemma 3.6, Proposition 3.7 of [7], for any x ∈ π−1(e¯3), there is a vector
v such that
xA8β8 = e¯1vA8 + e¯1(e¯3 − v)A8β8,
and v ⊥ e¯1, e¯2, e¯4, |e¯3 − 2v| = 1. From this equation we have
xA8(1 + β8) = e¯1e¯3A8(1 + β8),
xA8(1− β8) = e¯1(e¯3 − 2v)A8(1− β8).
Let S4 = {t = e¯4 − 2Jv ∈ S7 | v ⊥ e¯1, e¯2, e¯4} be a unit sphere in R8. The maps
x 7→ e¯3 − 2v 7→ e¯4 − 2Jv define a map
τ1: τ
−1(e¯3) ≈ CP 3 → S4.
By Proposition 2.6 of [7], the 2-form of xA8β8 = e¯1vA8 + e¯1(e¯3 − v)A8β8 is a cali-
bration and its contact set diffeomorphic to CP 1 which is also the set τ−11 (t). Then
τ1 : τ
−1(e¯3)→ S4 is a fibre bundle.
Theorem 2.3 Restricting the map Φ∗: G(2, 8) → M on the fibre τ−11 (t) of τ1,
we have all complex structures on the tangent space TtS
4. Then CP 3 is the twistor
space of S4.
Proof It is easy to see A8(1− β8)e¯1e¯2 = −e¯1e¯2A8(1 + β8) = −α2, from xA8(1−
β8) = e¯1(e¯3− 2v)A8(1− β8) and e¯1e¯2A8(1+ β8) = vJvA8(1 + β8) for any v ∈ S7, we
have
xα2 = e¯1(e¯3 − 2v)e¯1e¯2A8(1 + β8)
= e¯1(e¯3 − 2v)e¯3e¯4A8(1 + β8)
= −e¯1e¯4A8(1 + β8)− 2e¯1vvJvA8(1 + β8)
= −e¯1(e¯4 − 2Jv)A8(1 + β8).
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Thus for any x ∈ G(2, 8), xA8β8 = e¯1vA8 + e¯1(e¯3 − v)A8β8 if and only if the
following identities hold.
xα1 = −xA8(1 + β8) = −α3,
xα3 = α1,
xα2 = −e¯1(e¯4 − 2Jv)A8(1 + β8),
xe¯1(e¯4 − 2Jv)A8(1 + β8) = α2.
These shows that the subspace of R8 generated by e¯1, e¯2, e¯3, t = e¯4−2Jv is invariant
under the action defined by Jx. Thus Jx defines a complex structure on TtS
4 =
{ w ∈ R8 | w ⊥ e¯1, e¯2, e¯3, t}.
Then any almost complex structure on S4 defines a section of the fibre bundle
τ1: τ
−1(e¯3)→ S4. We have proved Theorem.
In the following we study the fibres of τ1: τ
−1(e¯3) ≈ CP 3 → S4.
First assuming t = cos θe¯4 + sin θe¯6 ∈ S4. From e¯3 − 2v = cos θe¯3 + sin θe¯5, we
have
v = sin
θ
2
(sin
θ
2
e3 − cos θ
2
e5), e3 − v = cos θ
2
(sin
θ
2
e¯3 + sin
θ
2
e¯5).
Then
e¯1vA8 + e¯1(e¯3 − v)A8β8
= e¯1 sin
θ
2
(sin
θ
2
e3 − cos θ
2
e5)e¯1e¯3e¯5e¯7A8β8
+e¯1 cos
θ
2
(sin
θ
2
e¯3 + sin
θ
2
e¯5)A8β8
= (cos
θ
2
e¯1 + sin
θ
2
e¯7)(cos
θ
2
e¯3 + sin
θ
2
e¯5)A8β8.
By Proposition 2.6 of [7], the calibration defined by e¯1vA8 + e¯1(e¯3 − v)A8β8 is
(cos
θ
2
e¯1 + sin
θ
2
e¯7)(cos
θ
2
e¯3 + sin
θ
2
e¯5)− (cos θ
2
e¯2 + sin
θ
2
e¯8)(cos
θ
2
e¯4 + sin
θ
2
e¯6).
This is a special Lagrangian calibration and the set τ−11 (t) is the contact set of this
calibration which diffeomorphic to CP 1. For any x ∈ τ−11 (t), we have
xA8β8 = e¯1vA8 + e¯1(e¯3 − v)A8β8
= (cos
θ
2
e¯1 + sin
θ
2
e¯7)(cos
θ
2
e¯3 + sin
θ
2
e¯5)A8β8.
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Lev V be a subspace of R8 generated by
cos
θ
2
e¯1 + sin
θ
2
e¯7, cos
θ
2
e¯3 + sin
θ
2
e¯5, cos
θ
2
e¯2 + sin
θ
2
e¯8, cos
θ
2
e¯4 + sin
θ
2
e¯6.
Then any element of τ−11 (t) can be represented by vJe¯3v, v ∈ V .
For general u ∈ S4, we can choose an element G ∈ U(2) such that G(u) = t =
cos θe¯4 + sin θe¯6, where U(2) ⊂ Spin7 is the unitary group which fixed the elements
e¯1, · · · , e¯4. Since A8(1 + β8) is invariant under the action by Spin7, we have
τ−11 (u) = G
−1(τ−11 (t)).
Corollary 2.4 There is no almost complex structure on the sphere S4.
Proof If there is an almost complex structure on the sphere S4, we have a
section f : S4 → CP 3. As we know the coholomogy H∗(CP 3, Z) is generated by
an element a ∈ H2(CP 3, Z), f ∗a = 0, then f ∗(a ∪ a) = 0. Let [ξ] ∈ H4(S4) be a
generator, τ ∗1 [ξ] = λ a ∪ a. We have f ∗τ ∗1 [ξ] = λf ∗(a ∪ a) = 0, this contradict to the
fact τ1 ◦f = id. These shows there is no almost complex structure on the sphere S4.
For Corollary 2.4, see also [2].
By Theorem 2.1, 2.2, 2.3 and [4] p.342, we have
G(2, 8) = SO(8)/SO(2)× SO(6) ≈ SO(8)/U(4) ≈ SO(7)/U(3),
CP 3 = U(4)/U(1)× U(3) ≈ SO(6)/U(3) ≈ SO(5)/U(2),
CP 1 = U(2)/U(1)× U(1) ≈ SO(4)/U(2).
§3. The complex structures on S6
In the following we show that there is no complex structure on the sphere S6.
First we study the differential geometry on the fibre bundle τ : g(2, 8)→ S6.
Let e1, e2, · · · , e8 be orthonormal frame fields on R8 such that e1 ∧ e2 generate a
neighborhood of x in G(2, 8). By
d(e1 ∧ e2) =
8∑
α=3
ωα1Eiα +
8∑
α=3
ωα1E2α, ω
α
i = 〈dei, eα〉,
we know that the elements E1α = eαe2, E2α = e1eα, α = 3, · · · , 8, can be looked as
a basis of Te1e2G(2, 8), ω
α
i be their dual 1-form. Define the metric on G(2, 8) by
ds2 = 2
2∑
i=1
8∑
α=3
(ωαi )
2.
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Differential Eiα we get the Riemannian connection ∇∗ on G(2, 8),
∇∗Eiα =
2∑
j=1
ωjiEjα +
8∑
β=3
ωβαEiβ .
Acting e1e2 on Te1e2G(2, 8) by Clifford product defines an almost complex
J˜ : TG(2, 8)→ TG(2, 8),
J˜(E1α) = e1e2eαe2 = E2α, J˜(E2α) = e1e2e1eα = −E1α.
It is easy to see that (∇∗J˜)Eiα = ∇∗(J˜Eiα)− J˜∇∗Eiα = 0. This shows
Proposition 3.1 The almost complex structure J˜ is integrable and makes
G(2, 8) a Kaehler manifold.
As is well-known, the Grassmann manifold G(2, n) can be looked as a complex
submanifold of CP n−1.
Any v ∈ S6 defines a complex structure Jv on R8, Jv(e¯1) = v, Jv(v) = −e¯1, for
any w ⊥ e¯1, v, Jv(w) is defined by Jv(w)A = −e¯1vwA or equivalently e¯1ve¯1wA =
e¯1Jv(w)A. For any v ∈ S6, τ−1(v) = {uJvu | u ∈ S7}.
Proposition 3.2 The map τ : G(2, 8)→ S6 is a Riemannian submersion.
Proof It is easy to see that the vertical subspace Te1e2τ
−1(v) of the fibre bundle
τ is generated by
eαJve1 + e1Jveα, α = 3, · · · , 8,
where e1, e2 = Jve1, e3, · · · , e8 be orthonormal frame fields along τ−1(v). The or-
thogonal subspace of Te1e2τ
−1(v) in Te1e2G(2, 8) is generated by
eαJve1 − e1Jveα, α = 3, · · · , 8.
Denote this space by THe1e2G(2, 8). By
(eαJve1 + e1Jveα)A = 0,
we have
1
2
(eαJve1 − e1Jveα)A = eαJve1A = e¯1τ∗(eαJve1)A.
The norm of 1
2
τ∗(eαJve1−e1Jveα) = τ∗(eαJve1) ∈ TvS6 is 1. For α 6= β, τ∗(eαJve1) ⊥
τ∗(eβJve1), we have proved that the map τ : G(2, 8)→ S6 is a Riemannian submer-
sion.
Let TG(2, 8) = THG(2, 8) ⊕ T VG(2, 8) be the decomposition of tangent space
of G(2, 8), THG(2, 8), T VG(2, 8) be horizontal and vertical spaces respectively. The
map τ∗ : T
H
e1e2
G(2, 8)→ Tτ(e1e2)S6 is an isometric.
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Proposition 3.3 (1) The following diagram of maps is commutative,
Te1e2G(2, 8)
J˜−→ Te1e2G(2, 8)
τ∗ ↓ ↓ τ∗
TvS
6 Je1e2−→ TvS6;
(2) J˜ : THG(2, 8)→ THG(2, 8), J˜ : T VG(2, 8)→ T VG(2, 8).
Proof For any X˜ ∈ Te1e2G(2, 8) ⊂
∧2(R8), τ∗X˜ = X is defined by
X˜A = e¯1XA.
(1) follows from the definitions of J˜ and Je1e2. The proof of (2) is easy.
Any section f : S6 → G(2, 8) of the fibre bundle τ defines an almost complex
structure Jf on S
6, Jf(v) : TvS
6 → TvS6. As [4], we give
Definition The section f is holomorphic if f∗Jf = J˜f∗.
From Proposition 3.3 and τf = id, we have
Proposition 3.4 Jf(v) = τ∗J˜f∗.
For any X ∈ T 6v (S6), f∗(X) = Z1 + Z2, Z1 ∈ THf(v)G(2, 8), Z2 ∈ T Vf(v)G(2, 8), we
have Jf(v)(X) = τ∗J˜(Z1). On the other hand, the tangent vector X can be left to
a horizontal vector X∗ ∈ THf(v)G(2, 8), it is easy to see that X∗ = Z1. The almost
complex structure Jf(v): TvS
6 → TvS6 is determined by the complex structure J˜ on
THf(v)G(2, 8) and the isomorphism τ∗: T
H
f(v)G(2, 8)→ TvS6.
By almost complex structure Jf , we have TS
6 ⊗ C = T (1,0)S6 ⊕ T (0,1)S6, where
T (1,0)S6 = {X − √−1JfX | X ∈ TS6}, T (0,1)S6 = T (1,0)S6. The almost complex
structure Jf is integrable if only if
[X, Y ] ∈ Γ(T (1,0)S6) for any X, Y ∈ Γ(T (1,0)S6).
Similarly, we have decomposition TG(2, 8)⊗ C = T (1,0)G(2, 8)⊕ T (0,1)G(2, 8) with
respect to the complex structure J˜ .
Let ∇ be Riemannian connection on the sphere S6 and
$(S6) =
⋃
v∈S6
{e¯1XA | X ∈ TvS6 ⊗ C}
be a vector bundle over S6 which is isomorphic to the tangent bundle TS6 ⊗ C.
The connection ∇ can be generalized to the bundle $(S6). We have represented the
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tangent space of G(2, 8) as subspace in
∧
(R8) or Cℓ8. The section f : S
6 → G(2, 8)
can be viewed as a map f : S6 → Cℓ8 and
f∗X = Xf
for all X ∈ Γ(TS6) or X ∈ Γ(TS6 ⊗ C). Note that τ∗(Xf) = X , this can also be
written as
(Xf) ·A = X(fA) = X(e¯1vA) = e¯1XA.
The following is the main result of this section.
Theorem 3.5 The almost complex structure Jf is integrable if and only if the
map f is holomorphic. Then there is no integrable orthogonal complex structure on
the sphere S6.
Proof First assuming the map f is holomorphic. For any X, Y ∈ Γ(T (1,0)S6),
we have
J˜f∗(X) = f∗Jf(v)X =
√−1f∗(X), J˜f∗(Y ) =
√−1f∗(Y ),
then f∗(X), f∗(Y ) ∈ Γ(T (1,0)G(2, 8)). The Grassmann manifold G(2, 8) is Kaehle-
rian, f∗[X, Y ] = [f∗(X), f∗(Y )] ∈ Γ(T (1,0)G(2, 8))|f(S6). These shows
f∗Jf [X, Y ] = J˜f∗[X, Y ] =
√−1f∗[X, Y ].
f : S6 → G(2, 8) is an imbedding, we have Jf [X, Y ] =
√−1[X, Y ] and the almost
complex structure Jf is integrable.
Secondly, assuming the almost complex structure Jf is integrable. For any
X, Y ∈ Γ(T (1,0)S6), we have [X, Y ] = ∇XY −∇YX ∈ Γ(T (1,0)S6), then
(1 +
√−1f)e¯1∇XY A = (1 +
√−1f)e¯1∇YXA.
From f e¯1XA =
√−1e¯1XA we have
∇Y (f e¯1XA) = pr(Y f · e¯1Y A) + f e¯1∇YXA =
√−1e¯1∇YXA,
where pr: S6 × (Cℓeven8 ⊗ C)→ $(S6) is a projection defined naturally. Combine
pr(Y f · e¯1XA) = (
√−1− f)e¯1∇YXA
with (1 +
√−1f)e¯1∇XY A = (1 +
√−1f)e¯1∇YXA, we have
pr(Y f · e¯1XA) = pr(Xf · e¯1Y A) = (
√−1− f)e¯1∇YXA = (
√−1− f)e¯1∇YXA.
Denote β(X, Y ) = pr(Y f · e¯1XA).
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β(X, Y ) is a symmetric C∞(S6)-bilinear form on Γ(T (1,0)S6). We shall show that
β(X, Y ) = 0 is equivalent to the fact that f is holomorphic. To prove β(X, Y ) = 0
we need only to show β(X,X) = 0.
Let εi =
1
2
(e2i−1−
√−1e2i), i = 1, 2, 3, e2i = Jfe2i−1, ε1, ε2, ε3 be local hermitian
frame fields for T (1,0)S6, εiεj = −εjεi, εiεiεi = −εi. The spinor σ = ε1ε2ε3 (or
ε1ε2ε3ε1ε2ε3) generates a spinor bundle on S
6 locally. In the following we prove
εj∇εjσ = 0, j = 1, 2, 3.
The proof is due to [4], p.335-341, we write here for complete.
Let ωc = (
√−1)3e1e2 · · · e6 be complex volume element on TS6, ωc · σ = −σ.
For any i,
εiεj∇εjσ = −εjεi∇εjσ = −εjεj∇εiσ = 0,
then there is a local function λεj such that
εj∇εjσ = λεjσ.
On the other hand, ∇εj (ωcσ) = ωc∇εjσ,
ωc · εj∇εjσ = (ωcεjωc)∇εj(ωcσ) = εj∇εjσ.
These shows εj∇εjσ = 0 for any j.
From
0 = ∇εj(εjσ) = (∇εjεj)σ + εj∇εjσ = (∇εjεj)σ
we know that ∇εjεj is a local (1, 0)-frame field. These shows β(εj, εj) = 0, hence
β(X, Y ) = pr(Y f · e¯1XA) = 0 for any X, Y ∈ Γ(T 1,0)S6).
Let X = (1 − √−1Jf)X1, X1 ∈ Γ(TS6 ⊗ C), 2Y f = (1 −
√−1f)Y f + (1 +√−1f)Y f . By Y f · f = −f · Y f , we have
(1−√−1f)Y f(1−√−1f)e¯1X1A = (1−
√−1f)(1 +√−1f)Y fe¯1X1A = 0.
Then
2pr(Y f · e¯1XA) = pr(1 +
√−1f)2Y fe¯1X1A = 2pr(1 +
√−1f)Y fe¯1X1A = 0.
Let f∗Y = Y f = Z1 + Z2 where Z1 ∈ Γ(T (1,0)G(2, 8)) and Z2 ∈ Γ(T (0,1)G(2, 8)).
By Proposition 3.3, Z2 is vertical and we can set Z2 = (1+
√−1f)(X2Jve1+e1JvX2)
where X2 ∈ Γ(TS6 ⊗ C), f(v) = e1Jve1. Then for any X1 ∈ Γ(TS6 ⊗ C),
pr(1 +
√−1f)Y fe¯1X1A = pr(1 +
√−1f)2(X2Jve1 + e1JvX2)e¯1X1A = 0.
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Hence pr(Y f · e¯1XA) = 0 is equivalent to
pr(X2Jve1 + e1JvX2)e¯1X1A = 0.
Since X1 ∈ Γ(TS6 ⊗ C) is arbitrarily, X2 = 0, then f∗Y is a (1, 0)-form. We have
proved that if the almost complex structure Jf is integrable,
J˜f∗(Y ) =
√−1f∗(Y ) = f∗JfY
holds for any Y ∈ Γ(T (1,0)S6). Then f is holomorphic.
If there is an integrable complex structure on the sphere S6 we have a holomor-
phic section f : S6 → G(2, 8). Then S6 is also a Kaehler manifold, this contradict
to the fact H2(S6) = 0.
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